SYDNEY GRAMMAR SCHOOL

2011 Half-Yearly Examination

FORM VI
MATHEMATICS 2 UNIT

Monday 28th February 2011

General Instructions
e Writing time — 2 hours
e Write using black or blue pen.

e Board-approved calculators and tem-
plates may be used.

e A list of standard integrals is provided
at the end of the examination paper.

e All necessary working should be shown
1n every question.

e Start each question in a new booklet.

Structure of the paper
e Total marks — 96
e All six questions may be attempted.

e All six questions are of equal value.

Checklist
e SGS booklets — 6 per boy
e Candidature — 87 boys

Collection

e Write your candidate number clearly
on each booklet.

e Hand in the six questions in a single
well-ordered pile.

e Hand in a booklet for each question,
even if it has not been attempted.

e If you use a second booklet for a ques-
tion, place it inside the first.

e Place the question paper inside your
answer booklet for Question One.

Examiner
FMW
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QUESTION ONE (16 marks) Use a separate writing booklet. Marks

(a) Differentiate:
(i) 32*
(ii) (= —6)°

(iii) e3*~1

(=1 [=][=]

(b) Find a primitive of:
(i) 22 -3
(ii) 2e**

(=] [=]

(c) Consider the parabola with equation x? = 8y.

(i) Write down the coordinates of its focus.

=] [=]

(i) What is the equation of its directrix?

]

4
(d) Evaluate / xdz.
1

=]

2
(e) Write — correct to 2 decimal places.
e

=]

(f) Consider the curve whose gradient function is 3y’ = (z — 2)(x — 3)(x + 4). For what
values of x is the curve stationary?

=]

(g) Consider the curve whose concavity function is y” = 3z — 2. For what values of x is
the curve concave down?

(h) Write down the centre and radius of the circle with equation (z — 2)* + (y +3)% = 9.

][]

(i) Find the gradient of the tangent to the curve y = 2\/x at the point (9, 6).

Exam continues next page ...
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QUESTION TWO (16 marks) Use a separate writing booklet. Marks

(a) Sketch the graph of y = e + 1, showing any intercepts with the x or y axes and any
asymptotes.

(b)

f(z) 7 5 3

Use Simpson’s rule with the 3 function values in the table above to approximate

/24 f(z)dz.

(c) Find:
(i) /e‘3x+2daz
(i) /x(a:2 —2)dx

349
(iii) /x R

T

=[]

o] [=]

d
(d) A curve has gradient function d_y = 4x — 2 and passes through the point (3,10). Find
x

the equation of the curve.

(e) Differentiate:
(i) y= (52 —2)

=
=
<
I
|
] [=]

Question Two Continues On the Next Page

Exam continues overleaf ...
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QUESTION TWO (Continued)

(f) (@)

Calculate the area of the shaded region in the diagram above.

9
(ii) Hence write down the value of / V9 —ydy.
0

Exam continues next page ...
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QUESTION THREE (16 marks) Use a separate writing booklet. Marks

[e]

2
(a) Find the equation of the tangent to the curve y = — at the point where x = 2.
x

(b) (i) Differentiate f(z) = (42° — 5)°.

=] [=]

(ii) Hence find /x2 (423 — 5)* dz.

()

[e]

As shown in the diagram above, the part of the curve y = 322 between z = 0 and

x = 1 is rotated about the y-axis to form a cup. Show that the volume of the cup is
3

5 cubic units.

(d)

W=

The diagram above shows the curve y = (3x—1)%. Find the area of the shaded region.
Question Three Continues On the Next Page

Exam continues overleaf ...
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QUESTION THREE (Continued)

(e) Find the equations of the parabolas with:
(i) vertex (0,0) and focus (1,0),
(ii) focus (1,3) and directrix y = —1.

(f)

5

Given the sketch of y = f(x) drawn above, use area formulae to find / f(x) dx.
—2

Exam continues next page ...
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QUESTION FOUR (16 marks) Use a separate writing booklet.

(a) Consider the curve with equation y = 2® — 522 + 7x.
(i) Show that 3’ = (3x — 7)(x — 1) and find y".
(ii) Find the two stationary points and determine their nature.
(iii) Find any points of inflexion.

(iv) Sketch the curve using the above information.

)
)
)
(v) What is the maximum value of y = 2% — 522 + 7x in the interval from 0 < x < 57

(b)

h metres

2x metres

2x metres

A closed box with a square base is made from a piece of cardboard, as shown in the
diagram above. The area of cardboard used is 6 square metres. Let h metres be the
height of the box and let 2z metres be the side length of the base.

3
i) Sh h = — —u.
(i) Show that h P

(ii) Hence show that the volume, V' cubic metres, of the box is given by the formula
V =3z — 42°.

(iii) Use calculus to find the maximum volume of the box.

Exam continues overleaf ...
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QUESTION FIVE (16 marks) Use a separate writing booklet.

(a)

(b)

(d)

(e)

(i) Express the equation y? + 6y + 42 — 3 = 0 in the form
(y — k)? = —4a(x — h).

(ii) Hence find the the coordinates of the vertex and the focus of the parabola
v+ 6y + 4z — 3 =0.

3
Find / (2 — ix)?da.
0

Calculate the exact area of the shaded region in the diagram above.

€T

(i) Sketch the region bounded by the curves y = ¢**, y = ¢~* and the line z = 1.

(ii) If this region is rotated about the z-axis, find the exact volume of the solid formed.

0

1
Find the value of k given that —dr=¢€*—1.
ko €”

Exam continues next page ...
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QUESTION SIX (16 marks) Use a separate writing booklet.

(a) (i) Copy and complete the following table using exact values:

x -1

0

1

f(2) = o=

(ii) Use the trapezoidal rule with the 3 function values from your table to find the

|
value of / 7 dz.

-1 +e 7

P(a,b)

The diagram above shows the curve y = 22 — 2 and the point P(a,b) on the curve.

(i) Find the equation of the normal

at P.

(ii) Find all possible points P on the curve such that the normal at P passes through

(0,0).

Question Six Continues On the Next Page

Exam continues overleaf ...
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QUESTION SIX (Continued)

5
) 1
(c) (i) Evabluaute/1 ?dx.

(i)
Y

The diagram above shows part of the curve y = —. Rectangles of width 1 unit
x
are constructed as shown. Use the rectangles in the diagram and part (i) to
explain why
1 4
5

1 1 1
1><1—2+1><2—2+1><3—2+1><4—2>

(iii) Show that

1+1+1+ + ! >100
4 9 10000 = 101°

END OF EXAMINATION
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The following list of standard integrals may be used:

1
/x"dx: "o #£ -1, x£0,iffn<0
n+1

1
/—dx:lnx, x>0

X

a

1
/e”dx:—e”, a#0
1.
/cosaxdx:—81nax, a#0
a
) 1
/Slnaxdx:——cosax, a#0
a
2 1
sec“arxdr = —tanax, a # 0
a

1
/secaxtanaxdx = —secax, a#0
a

1 1 T
/mdl’—atan E,a#O
1 x
— — _dr=sin"'Z, >0, —a<z<a
/\/c12—332 a’ ’

/\/%d{t:ln(x-i- 332—612) :L'>a;>0
2 — a2 ’
1
— 2 2
/ x2+a2d9§—ln<x+ T +a)

NOTE: Inx =log,x, x >0
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